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Abstract 
 

This paper systematically allows for the zero trade flows that are so prevalent in 
international trade. It seeks to identify the best approach to estimating the gravity model 
with zero trade flows and the heteroscedasticity problem highlighted in the influential 
paper by Silva and Tenreyro.  Based on Monte Carlo simulations with data constructed 
using a Tobit-type process, we find that the Eaton-Tamura (E-T) Tobit estimator 
generally has the smallest bias, although it is not always superior to truncated OLS 
regressions. The results appear to be strongly sensitive to the form of heteroscedasticity. 
Neither the standard Poisson PML estimator nor a Tobit-type Poisson PML appear to 
perform as well as the E-T estimator. The E-T estimator, with strong emphasis on 
ensuring that the error is correctly specified, appears to have the lowest bias of those 
investigated.   

 
 



Estimating the Gravity Model When Zero 
Trade Flows Are Important 

 
The venerable gravity model has been enjoying enormous popularity for analysis of a 

wide range of problems. Much attention has been given to the theoretical basis for this 

popular model (see, for example, Anderson and van Wincoop (2003). In an influential 

paper, Silva and Tenreyro (2006) have focused critically on the traditional econometric 

approach to its estimation, raising serious concerns about bias, and showing that the 

extent of this bias could be large, not just in the gravity model, but also in other models 

such as log-linear demand equations. Their main concern was a traditional and 

fundamental one—the fact that, by Jensen’s inequality, a log linear model cannot be 

expected to provide unbiased estimates of mean effects when the errors are 

heteroscedastic. They provided empirical evidence suggesting that the resulting biases 

were likely to be large. In addition to this critique, they provided a tractable alternative 

approach to estimation—the Poisson estimator—that has already been widely adopted 

(see, for example, Westerlund and Wilhelmsson (2007), Xuepeng Liu (2007).  

Another key point emphasized by Silva and Tenreyro is the problems created by 

the presence of zero values of the dependent variables. Clearly, these create a serious 

problem for log-linear models given that the log of zero is undefined. Silva and Tenreyro 

point out that these values are very common—almost half of the observations on trade in 

their empirical application were zero. Despite this, Silva and Tenreyro used a data-

generating-process for their Monte Carlo analysis that contains no true zero values. They 

did generate some zero values in their sensitivity analyses by rounding observations 

but—as they note—this is a fundamentally different data generating process from that 

underlying the zero values in models considered by Helpman, Melitz, and Rubinstein 

(2007)) or Eaton and Tamura (1994).  

Given the firm theoretical underpinnings for zero trade provided by the  Melitz 

(2003) model in Helpman, Melitz and Rubinstein (2007), it seems important to follow 

Silva and Tenreyro’s (2006, p642) suggestion and investigate whether their conclusions 

and recommendations—and particularly their recommendation of the Poisson 

estimator—hold under data-generating processes that generate substantial numbers of 
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true-zero observations on trade through some type of two-part data generation process. 

This is a particular concern given the evidence in Hurd  (1979) that heteroscedasticity 

might be a particularly serious problem in truncated-sample models, even though 

Arabmazar and Schmidt (1981) found these problems to be less serious in the censored 

regression case of most direct interest to us. 

In this paper, we first consider why there might be true zero observations on trade 

values. Then, we consider a range of potential estimators for such a database, containing 

a substantial number of zero limit observations. Next, we set up a Monte Carlo simulation 

analysis that allows us to make an assessment of the properties of the different estimators 

as a basis for recommending a particular estimator. Finally, we investigate the 

implications of the choice of estimator for the results obtained in a real-world application 

based on Silva and Tenreyro’s study.  

 

Why the Zero Trade Flows? 

 

In recent years, it has become widely recognized that the level of trade—even in the 

aggregate—between any two countries is frequently zero. Around half the observations in 

the empirical data sets used by Silva and Tenreyro (2006) and by Helpman, Melitz, and 

Rubinstein (2007) were of zero trade flows. Some of the reports of zero trade reflect 

errors and omissions and, rarely, rounding error because the value of trade reported is too 

low to record. However, it appears that most of the zero trade flows between country 

pairs reflect a true absence of trade, rather than rounding error.  

Since Tobin’s famous (1958) paper, it has been known that the presence of zero 

values of the dependent variable in a sample has potentially very important implications 

for the parameter values estimated using these data. Heckman (1979) generalized the 

approach to estimation in the presence of this problem, casting it in the context of 

estimation in samples potentially involving selection bias. Heckman’s formulation of the 

problem is presented in a two equation context: 

(1) y1i  =  x1iβ1 + u1i 

(2) y2i  =  x2iβ2  + u2i 

where xji is a vector of exogenous regressors, and βi  is a Kj*1 vector of parameters, and  
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E(uji) = 0,  E(uji uj´i´´) = σjj if    i = i´´;    

= 0  if     i ≠i´´  

In Heckman’s formulation, equation (1) is to be estimated and equation (2) is the sample 

selection rule. The problem for estimation of (1) is that the sample selection process may 

not be independent of the error term in equation (1). In this situation, standard regression 

procedures result in biased estimates of the coefficient vector βi   since they omit relevant 

explanatory variables.  

Helpman, Melitz and Rubinstein (2007) provide a theoretical framework of the 

Heckman type in which firms are differentiated by their productivity levels—a 

phenomenon also evident across finely disaggregated sectors in the model of Dornbusch, 

Fischer, and Samuelson (1977). In this context, they derive a sample selection criterion 

like equation (2) based on fixed and variable trade costs, and the distribution of 

productivity across firms. The profitability of the most efficient firm increases with 

declines in trade costs, and the number of firms able to profitably trade increases as this 

criterion rises. The cutoff level at which the most efficient firm earns zero profits 

determines whether there is trade between any two countries. We observe zero trade for 

all country pairs for which this value is less than zero. This formulation provides a firm 

theoretical foundation for treating zero trade observations as limiting observations under 

a two-part trade regime.  

The qualitative nature of the omitted variable bias is very clear in the special case 

of the Tobit model, where the sample selection rule is the same as the equation to be 

estimated. In this case, there is a latent variable, y1
* = x1β1 which is observed only when 

its value exceeds a cutoff value, such as zero in the case of interest. Under this model, the 

observations for which the latent variable fails to exceed the cutoff value are represented 

by a zero value, rather than by the realization of the latent variable. This situation is 

depicted in Figure 1. 
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Figure 1. The nature of the limited-dependent variable bias 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 shows the relationship between the latent variable, Y*, and the explanatory 

variable. Individual data observations are represented by the stars, with the observations 

corresponding to any value of Y less than zero observed as zero realizations. In this 

censored regression case, the residuals associated with low values of the latent variable 

are likely to be replaced by the positive residuals that lead to a zero value of the 

dependent variable. With this linear model, the effect of using standard estimation 

procedures is to bias downward the estimated slope of the relationship between Y and X, 

to something like the dashed line in the diagram (Greene 1981). The diagram makes clear 

that a demonstration of the quality of an estimator based on its performance with non-

censored data may provide little or no indication of its performance when the data 

generating process is characterized by a limited-dependent variable relationship. 

Another insight from careful examination of Figure 1 is the difference between 

the case of censoring shown in the diagram and the case of truncation where all of the 

observations at the limit (zero in this case) are discarded from the sample. In the 

censoring case, the error terms on all of the limit observations are transformed from their 
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initial values to the value relative to the regression line that will generate a limit 

observation. In the case of truncation, only those values of the error terms that allow an 

observation to have a value above the limit are retained. Intuitively, the transformation 

associated with the censored sample seems likely to be greater than that associated with 

the truncated sample.  

The diagram shows another feature of the residuals from application of a 

regression estimator designed for non-censored problems. Such estimators are likely to 

find residuals that are both large and serially dependent at both ends of the regression 

line—note the consistently positive apparent residuals relative to the dashed line in 

Figure 1 for observations on observations near zero and near the largest observations in 

the sample. The estimated regression line is likely to be strongly influenced by such 

extreme observations, particularly when using ordinary least squares (Beggs 1988). 

However, the implications of this for the nature of the bias are likely to vary considerably 

between estimators, given the different weighting implied by the normal equations for the 

different estimators (Silva and Tenreyro 2006).  

Another feature of this model is that the observations at the zero limit reflect not 

just one but many possible values of the residuals relative to the underlying behavioral 

equation. In the Tobit estimation process this results in the likelihood of function for 

these observations being based on the distribution, rather than the density, function for 

these observations. If the variance of the error term for these observations is incorrectly 

specified, this will clearly change the realized value of the distribution function, 

potentially creating bias in the estimated coefficients. If the underlying data generating 

process involves heteroscedastic errors, this introduces a link between heteroscedasticity 

and bias in coefficient estimates that is quite different from the one emphasized by Silva 

and Tenreyro for models without limit observations.   

 

Monte Carlo Simulations 

 

Silva and Tenreyro identified two key problems for conventional approaches to 

estimating the gravity equation in the logarithms of the dependent variable. The first was 

the presence of large numbers of zero values, for which the logarithm is not defined. The 
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second was the potential bias in models with a nonlinear dependent variable when the 

magnitude of the error terms varies systematically with the value of the dependent or 

independent variables.  

Silva and Tenreyro (2006) note that the immediate problem of undefined values 

of the dependent variables at zero can be solved by moving to a model specified with the 

dependent variable in the levels. However, it is clear from our discussion of Figure 1, that 

estimation of a censored regression model containing the zero observations may not solve 

the estimation problem. In fact, it may make the situation worse relative to estimation of 

a truncated regression model by introducing a larger number of observations for which 

the residual relative to the true regression line has a mean not equal to zero. 

Silva and Tenreyro provide both a plausible theoretical case and strong empirical 

evidence that the variance of the deviations from gravity regressions increases with the 

level of the exogenous variables and/or the dependent variable. Unfortunately, the form 

of the resulting heteroscedasticity is unknown. The approach to dealing with this problem 

taken by both Silva and Tenreyro and Westerlund and Wilhelmsson is to posit a range of 

different types of heteroscedasticity, and to test the implications of these for the 

performance of different estimators. They use artificial samples whose properties are 

completely known because they are generated using Monte Carlo simulation. In this 

section, we base our analysis on the approach of Silva and Tenreyro, but modify their 

approach in a very simple way to ensure that the resulting samples contain shares of zero 

observations consistent with the shares observed in empirical analyses with real-world 

trade data.  

We adapt the Silva and Tenreyro (2006, p647) specification in equations (14) and 

(15) of their paper.  

(3)  yi = exp(xiβ) = exp(β0 + β1x1i + β2x2i).ηi  

where x1i is a standard normal variable designed to mimic the behavior of continuous 

explanatory variables such as distance or income levels; x2i  is a binary dummy that 

equals 1 with a probability 0.4 designed to mimic variables such as border dummies; and 

the data are randomly generated using β0=0, β1= β2 =1. Like Silva and Tenreyro, we 

assumed that ηi is log normally distributed with mean 1 and variance σi
2.  
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To assess the sensitivity of the different estimators to different patterns of 

heteroskedasticity, we used Silva and Tenreyro’s four cases:  

Case 1: σi
2. = (exp(xiβ))-2 ;    V(yi׀x) = 1 

Case 2: σi
2. = (exp(xiβ))-1 ;    V(yi׀x) = exp(xiβ) 

Case 3: σi
2. =  1 ;     V(yi׀x) = (exp(xiβ))2 

Case 4:  σi
2. = (exp(xiβ))-1 +exp(x2i) ; V(yi׀x) = exp(xiβ)  + exp(x2i).(exp(xiβ))2

 

where Case 1 involves an error term that is homoscedastic when the equation is estimated 

in the levels; Case 3 is homoscedastic for estimation in logarithms; Case 2 is an 

intermediate case; and Case 4 represents a situation in which the variance of the residual 

is related to the level of a subset of the explanatory variables, as well as the expected 

value of the dependent variable. 

To incorporate the true zero estimates, we ensured that a significant number of 

observations would have zero values by using the Tobit (Tobin 1958) approach as 

implemented by Eaton and Tamura (1994). We did this by incorporating a negative 

intercept term in the levels version of the equation, and then transforming all realizations 

of the dependent variable with a value below zero into zero values. Our data generating 

process was therefore 

(4)   yi
0 = exp(xiβ) = exp(β0 + β1x1i + β2x2i).ηi   - k 

where yi = yi
0   if   yi

0  ≥   0;  yi =  0 if yi
0  <   0 

Within our sample, we found that a value for k of 1 provides numbers of zero trade values 

consistent with the 40-50 percent of zero values frequently observed in analyses of total 

bilateral trade1. A k value of 1.5 generated higher shares of zeros and a substantial 

increase in the mean trade level although the share of zero trade levels still falls 

somewhat below the 70 percent observed by Brenton (personal communication) in an 

analysis of bilateral trade at the 5-digit level of the SITC. Table 1 shows three different 

measures of the extent of censoring in the sample generated using equation (4). 

Throughout the analysis, we followed Silva and Tenreyro in using samples of 1000 

observations, replicated 10,000 times. The analysis was performed in Stata 9.2, using 

double precision to minimize numerical errors. 

                                                 
1 Silva and Tenreyro found 48 percent of their observations of total bilateral trade had zero values, while 
Helpman, Melitz and Rubinstein (2007) found 52 percent. 
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Table 1. Indicators of the degree of censoring for different intercept values 

Percentage of Zero Trade Values 
 k = 1.0 k= 1.5 
  % % 

Case 1 41 51 
Case 2 44 54 
Case 3 49 60 
Case 4 55 64 

Percentage change in Mean  
Case 1 15 38 
Case 2 15 40 
Case 3 16 43 
Case 4 19 50 

 

Other approaches to data generation in which selection for positive trade levels is 

determined by different variables or different coefficients from those determining the 

level of trade could be used, as suggested by Hallak (2006) or Helpman, Melitz and 

Rubinstein (2007). For an initial investigation the statistical properties of different 

estimators, the Eaton-Tamura data generating process has the considerable advantage of 

simplicity.  

Our first estimation task was to replicate the simulations of Silva and Tenreyro to 

ensure that our approach gave the right results for a sample without censoring. The 

results of this replication are presented in Appendix Table 1. While our results are not 

exactly the same as Silva and Tenreyro’s because of the stochastic nature of the analysis, 

they are completely consistent.  

With this validation step accomplished, we turned to the traditional approach to 

estimation of the gravity model—application of conventional models designed for use on 

non-censored samples. We began with what has been probably the most popular 

approach to estimation in the gravity literature—truncated OLS with the dependent 

variable in logarithms. For comparability, we then estimated a censored version of this 

model, with the addition of an arbitrary constant to allow zero values of the dependent 

variable to be retained2. Next, we estimated using truncated nonlinear least squares (NLS) 

                                                 
2 In applied studies of the gravity model, it is common to add one dollar to trade values, since this is trivial 
relative to the average trade value observed. However, 1 is large relative to the mean of our sample and 
would increase the smaller values of the dependent variable substantially relative to the larger observations, 
resulting in biased coefficient estimates. We experimented with different values seeking a compromise 
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in levels, and censored nonlinear least squares in logs.  Finally, we examined the Poisson 

Pseudo Maximum Likelihood (PPML) estimator recommended by Silva and Tenreyro.  

Next, we turned to models specifically for estimation with limited-dependent 

variables. First, we estimated the Eaton-Tamura model with the dependent variable in 

levels. Next, we turned to this model estimated with the dependent variable in logarithms, 

as originally proposed by Eaton and Tamura (1994). Then, we turned to the logical 

counterpart to the Poisson model advocated by Silva and Tenreyro, a Tobit-type pseudo-

maximum likelihood estimator based on an assumed Poisson distribution for the residuals. 

This is essentially the Tobit-Poisson model of Terza (1985) with adaptations to deal with 

the fact the factorial function in Stata cannot be evaluated for non-integer values3 of the 

dependent variable.   

Finally, we turned to one of the most popular approaches to estimation, the 

Heckman (1979) estimators—in both maximum likelihood and two-stage formulations. 

Although Heckman (1979) argued that the Tobit model is nested within this framework, 

many have raised questions about the applicability of this estimator to Tobit models on 

the grounds that it identifies the structural parameters using only distributional 

assumptions about the residuals4. With the two-step estimator, many have also expressed 

concerns about identification when no exogenous variables from the first stage regression 

are excluded in the second stage. A common approach to this problem is to incorporate 

an additional exogenous variable in the first-stage Probit regression of the two-stage 

estimator, an approach consistent with meeting the order condition for identification, 

although the true information content of such additional variables is frequently 

questionable-- and would clearly be inappropriate given the way in which our data were 

generated. Our initial examination of the Heckman estimators assesses their performance 

in the specific Tobit case where the regressors and the error terms in the behavioral and 

sample selection equations are the same.  

                                                                                                                                                 
between a value large enough to overcome the zero problem and small enough to avoid excessive bias. The 
results presented are for an additional amount of 0.1. 
3 For non-integer values of the dependent variable, we needed to replace y factorial with 
exp(lngamma(y+1)). 
4 Given the nonlinearity of the inverse Mills ratio used in the second stage Heckman two-step regression, it 
did not seem clear that this would present any problems for estimation. 
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Key results for cases with k = 1 are presented in Table 2, while results for k = 1.5 

are presented in Table 3. Since the broad pattern is similar in both tables, we discuss them 

together, except in cases where there are significant differences. 

An important feature of the results is the apparently strong sensitivity of the 

traditional truncated OLS in logarithms model to the heteroscedasticity problems 

emphasized by Silva and Tenreyro. In Case 3, where the error distribution is consistent 

with the log-linear model, this model produces estimates with very small bias for k =  1.5. 

Where k = 1.0, the bias is around 5 percent for both coefficients. However, when we 

move to the other cases, which involve heteroscedastic errors in the log-linear equation, 

the estimates change markedly. Where k = 1, the estimated bias rises to around 20 percent 

in cases 1 and 2, and -20 percent in case 4. The response of the bias to changes in the 

heteroscedasticity reflects one of Silva and Tenreyo’s key findings. One feature of this 

estimator is that the biases in the coefficients are generally similar for the normally 

distributed explanatory variable, x1, and the dummy variable, x2.  

An interesting feature of these results, and one which recurs throughout our 

findings, is the sharp difference between our results and those of Greene (1981). The bias 

resulting from use of the truncated estimator is not consistently negative, and nor is it 

consistently related to the sample proportion of non-limit observations.  

The censored OLS model estimated in logarithms (with 0.1 added to overcome 

the log-of-zero problem) produces results that are almost always inferior to those 

obtained from the corresponding truncated OLS model discussed above. Except in Case 4, 

the biases were larger in absolute value, although the estimated standard errors were 

somewhat smaller. The biases were also less consistent between x1 and x2 than was the 

case with the truncated OLS.  



 11  

Table 2. Monte Carlo results from alternative estimators, (k=1.0) 

 Dependent   β1   β2 
Estimator Variable Form Bias Std Error.   Bias Std Error. 

Case 1: V[yi|x]=1 
Truncated OLS Log 0.2045 0.0589  0.2198 0.0845 
OLS (ln(y+0.1)) Log 0.2682 0.0287  0.3541 0.0576 
Truncated NLS Level 0.0980 0.0216  0.1101 0.0269 
Censored NLS Level 0.1382 0.0341  0.1693 0.0358 
PPML Level 0.2505 0.0356   0.2800 0.0447 
ET-Tobit Level 0.0335 0.025  0.0339 0.0301 
ET-Tobit Log -0.2510 0.0375  -0.2517 0.0446 
Poisson-Tobit Level 0.2510 0.0344  0.2795 0.0441 
Heckman-ML Log 0.2840 0.0484 0.3016 0.0772 
Heckman-2SLS Log 0.5979 0.0734  0.6241 0.0981 

Case 2: V[yi|x]=µ(xiβ) 
Truncated OLS Log 0.1903 0.0578  0.1971 0.0929 
OLS (ln(y+0.1)) Log 0.2327 0.0302  0.3154 0.0641 
Truncated NLS Level 0.0888 0.0434  0.0985 0.0739 
Censored NLS Level 0.1202 0.0458  0.1434 0.0759 
PPML Level 0.2580 0.0387   0.2883 0.0616 
ET-Tobit Level 0.1478 0.0762  0.1594 0.0846 
ET-Tobit Log -0.1509 0.0430  -0.1603 0.0554 
Poisson-Tobit Level 0.2584 0.0378  0.2876 0.0619 
Heckman-ML Log 0.2782 0.0478 0.2878 0.0869 
Heckman-2SLS Log 0.5778 0.0851  0.5963 0.1158 

Case 3: V[yi|x]=µ(xiβ)2 
Truncated OLS Log 0.0585 0.0669  0.0569 0.1147 
OLS (ln(y+0.1)) Log 0.0961 0.0362  0.1621 0.0772 
Truncated NLS Level 0.3958 20.4693  0.0906 2.8135 
Censored NLS Level 0.5032 24.2816  0.1895 2.1603 
PPML Level 0.2550 0.0896   0.2899 0.1435 
ET-Tobit Level 0.6566 0.1818  0.6683 0.1711 
ET-Tobit Log 0.0667 0.0624  0.0621 0.0888 
Poisson-Tobit Level 0.2415 0.0785  0.2811 0.1383 
Heckman-ML Log 0.1396 0.0742  0.1399 0.119 
Heckman-2SLS Log 0.2988 0.1450  0.3026 0.1751 

Case 4: V[yi|x]=µ(xi β)+exp(x2i) µ(xiβ)2 
Truncated OLS Log -0.1885 0.0793  -0.1579 0.1366 
OLS (ln(y+0.1)) Log 0.0115 0.0412  0.1520 0.0895 
Truncated NLS Level 0.6677 25.2023  0.2360 7.1123 
Censored NLS Level 0.8191 24.4597  0.3241 6.364 
PPML Level 0.1978 0.1219   0.2580 0.1886 
ET-Tobit Level 0.6846 0.0844  0.7269 0.3015 
ET-Tobit Log 0.0639 0.0753  0.0081 0.1142 
Poisson-Tobit Level 0.1629 0.0917  0.2031 0.1614 
Heckman-ML Log -0.0294 0.1080  -0.1419 0.1472 
Heckman-2SLS Log 0.3576 0.2619  0.2391 0.2312 
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Table 3. Monte Carlo results from alternative estimators, (k=1.5) 

Monte Carlo Simulations   (k=1.5) 
 Dependent   β1   β2 
Estimator Variable Form Bias Std Error.   Bias Std Error. 

Case 1: V[yi|x]=1 
Truncated OLS Log 0.2274 0.0721  0.2365 0.1015 
OLS (ln(y+0.1)) Log 0.2300 0.0312  0.3294 0.0623 
Truncated NLS Level 0.1430 0.0311  0.1596 0.0350 
Censored NLS Level 0.2099 0.0523  0.2621 0.0529 
PPML Level 0.3565 0.0489   0.4004 0.0557 
ET-Tobit Level 0.0368 0.0303  0.0414 0.0348 
ET-Tobit Log -0.2401 0.0435  -0.2494 0.0507 
Poisson-Tobit Level 0.3570 0.0471  0.3998 0.0549 
Heckman-ML Log 0.3446 0.0568 0.3584 0.0906 
Heckman-2SLS Log 0.7749 0.096  0.8052 0.1242 

Case 2: V[yi|x]=µ(xiβ) 
Truncated OLS Log 0.1875 0.0686  0.1877 0.1095 
OLS (ln(y+0.1)) Log 0.1859 0.0332  0.2784 0.0691 
Truncated NLS Level 0.1238 0.0497  0.1354 0.0829 
Censored NLS Level 0.1727 0.0554  0.2051 0.0874 
PPML Level 0.2581 0.0386   0.2883 0.0616 
ET-Tobit Level 0.1847 0.0836  0.1980 0.0889 
ET-Tobit Log -0.1884 0.0494  -0.1908 0.0613 
Poisson-Tobit Level 0.3562 0.0492  0.3983 0.0739 
Heckman-ML Log 0.3109 0.0548 0.3158 0.1012 
Heckman-2SLS Log 0.7081 0.1094 

 
 0.7274 0.1438 

Case 3: V[yi|x]=µ(xiβ)2 
Truncated OLS Log 0.0150 0.0794  0.0078 0.1355 
OLS (ln(y+0.1)) Log 0.0261 0.0399  0.0975 0.0820 
Truncated NLS Level 0.4323 22.8808  0.0897 3.0700 
Censored NLS Level 0.5591 23.8062  0.2499 2.1946 
PPML Level 0.3367 0.0999   0.3842 0.1643 
ET-Tobit Level 0.5731 0.3302  0.6209 0.2696 
ET-Tobit Log 0.0131 0.1628  0.0741 0.077 
Poisson-Tobit Level 0.3279 0.0881  0.3752 0.1591 
Heckman-ML Log 0.1255 0.1041  0.1211 0.1518 
Heckman-2SLS Log 0.3477 0.1999  0.3492 0.2336 

Case 4: V[yi|x]=µ(xi β)+exp(x2i) µ(xiβ)2 
Truncated OLS Log 0.2477 0.0908  -0.1608 0.1558 
OLS (ln(y+0.1)) Log 0.0907 0.0442  0.1892 0.0921 
Truncated NLS Level 0.6759 27.5164  0.2413 6.8576 
Censored NLS Level 0.9026 24.7490  0.3913 6.2925 
PPML Level 0.2576 0.1319   0.3513 0.2083 
ET-Tobit Level 0.7267 0.0919  0.7688 0.0894 
ET-Tobit Log 0.0809 0.0915  0.0525 0.1304 
Poisson-Tobit Level 0.2047 0.0880  0.2271 0.1239 
Heckman-ML Log -0.0739 0.1779  -0.1264  0.1939 
Heckman-2SLS Log 0.4101 0.3653  0.3465 0.3172 
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The truncated NLS is the levels counterpart to the traditional estimator—truncated 

OLS in logs. The NLS estimator has lower bias than the logarithmic counterpart only in 

case 1, and is distinctly inferior in all other cases. In Case 3, the bias of the NLS 

estimator for k=1 is 40 percent for β1, nearly eight times the bias of the truncated OLS. 

Perhaps the best thing that can be said for the truncated NLS estimator is that it is 

consistently less biased than the censored NLS regression model. In most cases, the bias 

of the censored regression is between 25 and 30 percent higher than that for the 

corresponding truncated model. The superiority of the truncated OLS and NLS models 

over their censored regression counterparts suggests that just solving the “zero problem” 

to allow their inclusion is not a helpful strategy in this situation.  

 
The PPML estimator yielded estimates that were strongly biased in all cases. 

Because this equation was estimated with the dependent variable in the levels, the 

underlying error structure is consistent with the estimator in case 1. In this case, the bias 

in β1 was 0.25 for k = 1 and 0.36 for k = 1.5. For β2 the corresponding biases were 0.28 

and 0.4. In most other cases, the same pattern prevailed, with biases that were large, and 

higher with a greater degree of censoring. Consistent with Silva and Tenreyro’s findings, 

the bias with this estimator appears to be much less affected by heteroscedasticity than 

other estimators. Our results, however, suggest this advantage may need to be weighed in 

the gravity model context against its apparently greater vulnerability to the sample 

selection associated with limited-dependent variables. 

The Eaton-Tamura Tobit estimator with the dependent variable in levels has quite 

low bias—around three or four percent—relative to other estimators in Case 1. The same 

model estimated in logarithms produces quite good estimates—around six percent bias 

for β1 with k=1 and 1.3 percent for k=1.5—in Case 3, when the underlying error structure 

is consistent with its assumptions. Importantly, however, the bias of this estimator 

increases sharply as the residuals become heteroscedastic relative to the assumed 

functional form. In case 1, where estimation in the levels would be more consistent with 

the form of the residuals, the downward bias in the estimates of the log-linear model is 

around 25 percent for both coefficients, at both depths of censoring.  
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The Poisson-Tobit estimator in levels had very substantial bias in almost every 

case. Even in Case 1, where the errors structure is consistent with the levels specification, 

the bias was around 25 percent for both β1 and β2 with k=1 and 35 and 40 percent with 

k=1.5. Consistent with Silva and Tenreyro’s findings, the extent of the bias does not 

appear to be sensitive to the properties of the error term. In Case 3, the extent of the bias 

with this estimator is in the same size range for both k=1 and 1.5.  

The two Heckman estimators performed extremely poorly. This performance was 

least bad for the maximum likelihood version in Case 3, although it was substantially 

outperformed by the logarithmic ET-Tobit in this case. The two stage estimator 

performed poorly even in this case, with bias of around 30 percent for k = 1 and 35 

percent for k = 1.5. The performance of both of the Heckman estimators frequently 

deteriorated much further when problems of heteroscedasticity were introduced. 

Identification problems related to the lack of an excluded exogenous variable from the 

explanation of the level of trade may have contributed to the problem, and particularly to 

the difficulties encountered by the two step estimator. The two step estimator may also 

have been adversely affected by the heteroscedasticity noted by Heckman in the second 

stage regression. Whatever the cause of the problem, the dismal performance of this 

popular estimator is cause for serious caution about the use of this popular estimator 

unless it proves to be more robust in situations where some variables in the selection 

equation are excluded from the gravity equation.  

 
Tentative Conclusions 
 
The purpose of this paper is to initiate the consideration of two-part models that 

systematically allow for the two stylized facts about bilateral trade flows-- that close to 

half of the potential bilateral trade flows at the aggregate level are zero, and that most 

bilateral trade flows at any detailed level of disaggregation are zero. In doing this, we 

build on the suggestion by Silva and Tenreyro (2006) that two-part models of trade flows 

should be investigated, and their identification of heteroscedasticity as a potentially major 

source of bias in traditional log-dependent estimating models of the gravity equation. We 

incorporate these flows into the analysis in the simple way used by Eaton and Tamura, by 

incorporating a “hurdle” to trade modeled by a negative intercept in the gravity equation. 
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The results of our Monte Carlo simulations confirm the importance of the 

heteroscedasticity as a source of bias with a number of estimating models, and the lesser 

susceptibility of the Poisson pseudo maximum likelihood (PPML) estimator to this 

problem, identified by Silva and Tenreyro. However, their recommended PPML 

estimator is found to be strongly susceptible to limited-dependent variable bias when a 

substantial fraction of the observations are censored. This problem is not solved by 

introducing a Tobit-type censoring regression based on the Poisson distribution. The bias 

in the resulting estimator is generally similar to that of the PPML estimator, and 

frequently around 25 percent. While the resulting bias is apparently not greatly 

influenced by the pattern of heteroscedasticity, it remains large across all forms 

considered. 

The smallest biases were found with Eaton-Tamura estimators, as long as the 

form of the model was consistent with that of the data generating process. With errors 

consistent with estimation in levels, the bias of the Eaton-Tamura model was around 3 or 

4 percent, irrespective of the fraction of the sample censored. With errors consistent with 

log-linear estimation, the E-T model in logarithms also had the lowest bias. These 

estimators were, however, very vulnerable to deviations from the assumed distribution of 

the residuals. The E-T Tobit in logs, for instance, was biased downwards by about 25 

percent when the underlying data were consistent with estimation in levels. 

These results suggest that there may not, at this stage, be any magic bullets for 

estimating the gravity model when the data contain true zero values resulting from failure 

of those trade flows to meet a threshold. A number of the available estimators are 

strongly influenced by heteroscedasticity, and some that are not are consistently biased. 

In this situation, the best available solution appears to be to identify the best available 

estimator, such as the Eaton-Tamura Tobit estimator in our case. Such estimators should 

be used with great caution, guarding against the possibility that heteroscedasticity may 

bias the coefficients by exhaustive testing of the properties of the residuals along the lines 

proposed by Silva and Tenreyro.  
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Appendix  

 
Table 1. Replicating Silva and Tenreyro’s “Log of Gravity” Results 

   β1   β2 

Estimator 
Dependent 

Variable Form Bias 
Std 

Error.   Bias  
Std 

Error.  
Case 1: V[yi|x]=1 

PPML Level 0.00021 0.016  0.00060 0.027 
NLS Level -0.000063 0.008  0.00014 0.017 
OLS Log 0.39001 0.390  0.35635 0.053 
OLS(y>0.5) Log -0.16340 0.027 -0.15428 0.038 
OLS(y+1) Log -0.40217 0.013  -0.37644 0.022 
       

Case 2: V[yi|x]=µ(xiβ) 
PPML Level -0.00006 0.019  0.00052 0.039 
NLS Level 0.0004 0.033  0.00122 0.057 
OLS Log 0.21072 0.030  0.20032 0.048 
OLS(y>0.5) Log -0.17817 0.026 -0.17158 0.042 
OLS(y+1) Log -0.42357 0.014  -0.39894 0.025 
       

Case 3: V[yi|x]=µ(xiβ)2 
PPML Level -0.00378 0.0710  -0.00089 0.101 
NLS Level 0.34889 22.873  0.04003 2.03 
OLS Log -0.00002 0.026  0.00074 0.053 
OLS(y>0.5) Log -0.26688 0.033  -0.26648 0.055 
OLS(y+1) Log -0.49065 0.019  -0.47112 0.034 

Case 4: V[yi|x]=µ(xi β)+exp(x2i) µ(xiβ)2 
PPML Level -0.00751 0.1020  -0.00582 0.146 
NLS Level 0.58673 23.663  0.10991 3.206 
OLS Log 0.13249 0.039  -0.12444 0.075 
OLS(y>0.5) Log -0.39215 0.042  -0.41328 0.072 
OLS(y+1) Log -0.51437 0.021  -0.58055 0.041 
              

 


